I present an explicit classical simulation of arbitrary quantum noise for quantum models in which one qubit interacts with a quantum bath. The classical model simulates the interaction of the bath and the qubit by random unitary evolutions. I show that any arbitrary quantum dynamics, including quantum dissipation, recurrence, and dephasing, can be simulated classically when one allows the unitary operators in the classical model to depend on the initial state of the system and bath. For initial mixed states of the system and non-product states of the system and bath, I demonstrate that random unitary expansion is still possible, in terms of a set of pure states.
I. INTRODUCTION
Entanglement is "the trait of quantum mechanics" that "enforces its entire departure from classical lines of thought", according to Schrödinger [1] . In open quantum systems, the creation of entanglement between the system and its environment is commonly stated as the root cause of decoherence [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The loss of coherence in open quantum systems, or decoherence, itself is considered to be the reason for the appearance of classical traits in quantum systems and to be connected with the quantum-to-classical transition [12, 13] .
However, recently it has been demonstrated that certain types of decoherence can be simulated classically by random unitary dynamics without appealing to entanglement with an environment and the idea of transformation of information, which comes with it [14] [15] [16] [17] [18] [19] . Specifically, the pure dephasing decoherence, for principal systems with twodimensional Hilbert space, and depolarizing noise, for all dimensionalities, has been simulated classically [17] .
It has been also shown that some kind of random unitary dynamics, producing classical noise, is capable of retrieving coherence, quantum correlations and entanglement between the parts of a composite quantum system, such as two qubits, that are locally interacting with the classical noise [20] [21] [22] [23] [24] .
Moreover, the effect of entanglement between a system and one of the main two types of quantum environments, the spin bath [25, 26] , can be simulated by that of the other type, the oscillator bath [27, 28] , in the weak- [25, 27, [29] [30] [31] and strongcoupling [32] limits of the spin bath, while the environments and their entanglement with the principal system are strikingly different in nature [25, 33] .
What is the role of entanglement in quantum decoherence? And what is the distinction between quantum and classical noises? This paper attempts to investigate these questions further.
For a single qubit, it is well known that every doubly stochastic (or unital) channel can be represented as a random unitary channel [14, [34] [35] [36] . A doubly stochastic channel is a completely positive map on the Hilbert space of the principal system that maps the completely mixed state onto itself. A subclass of unital channels is made up of random unitary channels which are convex combinations of unitary transformations:
We extend the idea of random unitary channels to random unitary expansions by letting the unitary operators U i depend on the initial state of the system-plus-environment. We show that for a single qubit with initial pure states ρ(t i ) not only doubly stochastic operations but all quantum evolutions have random unitary expansions:
where U α is a function of time and the initial state of the system-plus-environment. A Lebesgue integral over an infinitely uncountable set of index α is intended by the sum above. For mixed initial state ρ(t i ) of a single qubit, we show that a random unitary expansion is possible in the following sense:
where
and ρ α (t i ) are some pure states. We construct an explicit time-continuous classical model that simulates the effect of entanglement and derives the above results. For the sake of simplicity we first introduce the classical simulation of quantum models in which the system starts in pure states and the universe (system plus environment) starts in product states. We devote Secs. II-IV to this case and describe the quantum and classical models and prove their equivalence. In Sec. V we relax the initial-state assumption and let the system start in a mixed state and the universe in a non-product state. We show that a random unitary expansion is still possible in this case. Finally, in Sec. VI we give three examples for the case of initial pure states. The first example is the simulation of quantum recurrence in which the entropy decreases in the intermediate stage of evolution from an almost maximum value of ln 2 to zero! The second example simulates pure dephasing decoherence. The last example is a simulation of amplitude damping, which could not be achieved in the previous classical models to this general extent [18, 37] .
II. QUANTUM MODEL FOR INITIAL PURE STATES
In this section through Sec. IV we consider all quantum models with the following four properties: (1) The central system S is a single qubit. ( 2) The qubit interacts with an arbitrary quantum bath B. (3) The initial state is a product state
where t i is the initial time, ρ U is the density matrix of the universe (system plus bath), and ρ Q (t i ), ρ B (t i ) are the initial density matrices of the system and the bath (We use superscript Q for the density matrix of the system, instead of subscript S, to emphasize that this density matrix is associated with the quantum model). (4) The system is initially in a pure state,
The total Hamiltonian of the above quantum models can be decomposed into three parts as usual:
where H U , H S , H B and H int are the Hamiltonian of the universe, the qubit, the bath, and the interaction Hamiltonian respectively. The density matrix of the universe evolves by the evolution unitary operator
where we have set = 1. At each t the density matrix of the universe is
The quantity of interest here is the reduced density matrix of the system, which can be obtained by taking the trace of ρ U (t) over a basis of the bath
Choosing some basis for the Hilbert space of the qubit, one can write ρ Q (t) in its matrix form
Since the evolution is quite arbitrary there are only a few general statements that one can make about ρ Q (t). Three of them are particularly useful in our discussion:
The first two are well known. The third one can be derived from the positivity condition of the reduced density matrix, which implies det(ρ Q ) ≥ 0. The positivity of the reduced density matrix itself can be derived easily from the positivity of the universe density matrix. In App. A we give a proof for (14) , which is finer than the positivity condition and may be used for generalization of the argument in higher dimensions. We shall use (12)- (14) in constructing the classical model in the next section.
III. CLASSICAL MODEL FOR INITIAL PURE STATES
The classical model consists of a stochastic magnetic field, which acts on the qubit with Hamiltonian,
t i ≤ t), for j = x, y, z, is a random process in the standard sense [38] . That is, each B j is a family of random variables B j (t) defined on a probability space (Ω, F , P ) where Ω is the sample space, F is a set of subsets of Ω, and P is a probability measure on F . By definition, for each t fixed, the random variable B j (t) is a function from the sample space Ω to the real line: ω → B j (t, ω). Here ω are elements of Ω. For each ω fixed, B(t, ω) is a function of t, called the sample path (or noise history) corresponding to ω, so ω's label the sample paths.
On each sample path ω, the qubit evolves from an initial state ρ Cl (t i ) to state ρ Cl ω (t) at each t ≥ t i . The initial state does not depend on ω, however at any later time the state depends on ω. The evolution operator for sample path ω is
where T denotes time ordering and
The evolved state at time t can be written as
In a classical noise model, the standard approach [17] is to consider the density matrix of the qubit at time t as the expectation value of ρ Cl ω (t) over all sample paths,
where ω denotes the expectation function. Our goal is to construct the random magnetic field process B(t) such that ρ Cl (t) = ρ Q (t) when the two models start from the same initial state ρ
To this end, we begin with introducing, on a probability space (Ω, F , P ), a random process Φ = (Φ(t) : t i ≤ t) with the following properties:
3. For each t fixed, the probability density function of the random variable Φ(t) is a Gaussian with mean zero and variance σ 2 (t),
where the probability density function p Φ (φ, t) for each t is defined from the probability measure P as
Inequality (14) guarantees that the right hand side of (22) is nonnegative. Hence, it can be considered as the variance of a Gaussian distribution. In the case that σ 2 (t) = 0 the Gaussian distribution becomes a delta function. For the case σ 2 (t) = ∞ the distribution (20) is interpreted as a uniform distribution over the entire real line. App. B gives a construction of Φ(t, ω) which satisfies the above properties.
By use of the probability density function (20-21), we can calculate the expectation of any function of Φ(t, ω) for each t fixed. As we shall see, it is particularly useful to calculate exp[±iΦ(t, ω)] ω :
where the first integral above is a Lebesgue integral that is written in terms of an ordinary Reimann integral on the second line by use of the probability density function. We define for each ω fixed, functions a(t, ω), b(t, ω):
Here Arg is the argument function over complex numbers (e.g. z = |z|e iArg [z] ). Note that a(t, ω) is a deterministic function of t and is independent of sample path ω, however, b(t, ω) is a random function and depends on the sample path. Nevertheless, on each sample path one always has the identity
where we used Eq. (13) in the last equality.
We are now ready to give the explicit form of B(t, ω) :
where overdots denote derivatives with respect to t. B x (t, ω) and B y (t, ω) are by definition real-valued.
It is easy to show that B z (t, ω) is also real-valued:
Here we omitted (t, ω) dependencies of a(t, ω), b(t, ω) for brevity and used (26) We note that the classical Hamiltonian H Cl ω (t) depends on the total Hamiltonian of the quantum model H U , the time elapsed from the beginning of the evolution and the initial state of the universe ρ U (t i ). This is because a(t, ω) and b(t, ω), which constitute B(t, ω), depend on ρ Q (t) which in turn depends on ρ U (t). The latter depends on H U , t and ρ U (t i ) (see Eqs. (7)- (11)). Thus H Cl ω (t) not only is a function of the Hamiltonian of the quantum model, but also depends of the initial state of the universe.
IV. EQUIVALENCE OF THE QUANTUM AND CLASSICAL MODELS FOR INITIAL PURE STATES
We assume that the qubit in the classical model starts from the same initial pure state as in the quantum model,
Since the initial state is a pure state, on each sample path ω the qubit evolves according to the timedependent Schrödinger equation
The solution of this Schrödinger equation on each sample path is
as we demonstrate below: Firstly, since Φ(t i , ω) = 0 for all sample paths, from definitions (24)- (25) one can see that
for each ω, modulus an overall phase factor. Secondly, |Ψ(t, ω) of Eq. (34) satisfies the Schrödinger equation (33):
where we used (26) . Thus, |Ψ(t, ω) is the solution of (33). The density matrix of the qubit on each sample path is then
The density matrix of the classical model is the average of the density matrices of all sample paths
Since |a(t, ω)| 2 = ρ Q 00 (t) and |b(t, ω)| 2 = ρ Q 11 (t) are deterministic functions,
For the off-diagonal term ba * ω we have
By use of Eq. (23), the above expression simplifies to
Similarly, one obtains
Finally, by substituting (39) , (40), (42), and (43) into (38) we obtain
just as desired. Hence, the classical model simulates the quantum model exactly. Summarizing, we built an stochastic magnetic field and hence a classical Hamiltonian for each history of noise. Then we showed that the density matrix of the qubit in this classical model at each moment of time is equal to the reduced density matrix of the quantum model at that time.
One can write Eq. (44) in a more familiar form
. This form demonstrates that every quantum evolution of an open two dimensional system has a random unitary expansion (see Eq. (2)).
V. QUANTUM AND CLASSICAL MODELS FOR INITIAL MIXED STATES
The simulation of mixed states is similar to the one for pure states, apart from a few modifications that we mention below. For the quantum model, we relax conditions (3) and (4) of Sec. II for initial states of the universe and the principal system (a single qubit), and let them to start in any arbitrary states. That is the universe can start in a non-product state ρ U (t i ) and the system can start in a mixed state ρ
The universe evolves according to the unitary evolution of Eq. (9) . Relations (12)-(14) still hold since they do not depend on the initial states. Therefore we can use them in building the classical model as before.
The classical model follows the classical model of Sec. III verbatim, except we relax the first property of the random phase Φ(t, ω): It does not start from zero for all sample paths, rather it obeys the Gaussian distribution of Eq. (20) for all times including the initial time t i . Thus, Φ(t) is a differentiable random process with Guassian distribution whose mean and variance are zero and σ 2 (t) of Eq. (22), respectively. Since the initial state is a mixed state, σ(t i ) = 0. We construct Φ(t, ω) as in App. B, Eq. (69). Because σ(t i ) = 0, not all Φ(t i , ω) are equal to zero, as expected. The random magnetic field and the classical Hamiltonian follows Eqs. (27)- (30) and (17), as before.
To prove the equivalence of the classical model and the quantum model in the case of initial mixed state we begin with constructing wave functions |Ψ(t, ω) as in Eq. (34) . By use of Eqs. (37)- (44) one can see that the density matrix of the quantum system at anytime, including the initial time t i , can be expanded in terms of these pure states:
One notes that wave functions |Ψ(t, ω) now do not start from the same value at t = t i because for two different sample paths ω, ω ′ , the initial value of the random phase can be different Φ(t i , ω) = Φ(t i , ω ′ ). Nevertheless, |Ψ(t, ω) satisfy Schrödinger equation (33) on each sample path, as shown in Eq. (36) . Therefore, one can obtain |Ψ(t, ω) by evolving |Ψ(t i , ω) through U 
where U Cl ω is defined in Eq. (16) . Substituting (47) into Eq. (46) we obtain
, which is a function of time, is the identity operator and Eq. (48) reduces to
Eqs. (48)-(49) are the random unitary expansions we intended to find for arbitrary evolution of a single qubit with initial mixed state (see Eqs. (3)- (4)). In the sense of these equations the classical model and the quantum model are equivalent for initial mixed states as well.
VI. EXAMPLES
We consider three examples for classical simulation of quantum models. In all the examples we assume that the universe starts in the product state ρ U (0) = |Ψ i Ψ i | ⊗ ρ B (0) where |Ψ i = α|0 + β|1 and ρ B (0) will be specified for each example. We determine σ 2 (t), a(t, ω) and b(t, ω) in each example. The stochastic magnetic field B(t, ω) and the classical Hamiltonian H Cl (t, ω) can then be constructed by Eqs. (27)- (30), (17) and the discussion of Sec. III.
A. Quantum recurrence
Consider a spin-boson Hamiltonian at zero temperature
ω n a † n a n (50) where N is finite and the frequencies of the bath are commensurable (i.e. for each ω n , ω m there are integer numbers p n , p m such that ω n /ω m = p n /p m ). The bath is initially in its ground state. The evolution of the reduced density matrix is then [31] 
Since ω n 's are commensurable, Γ(t) is a periodic function. It starts at Γ(0) = 0 and returns to zero with some period P . Between two nodes of function Γ(t), however, the value of the function can be large if N is large or coupling constants g n are significant. For example, for |g n | = ω n = 2πn/P and N = 30 the average value of the function between two nodes is Γ(t) ≈ 120. This gives rise to decoherence factor exp[−Γ(t)] ≈ 10 −53 in the off diagonal elements of (51). This implies that for α = β = 1/ √ 2 the system that started in a pure state with entropy
with maximum possible entropy S[ρ Q (t)] ≈ ln 2 for most of the times between, for example, t = 0 and t = P , and then the entropy of the system decreases and the system returns to the original pure state at t = P with S[ρ Q (P )] = 0. In terms of Bloch vector the above process describes a contraction of the Bloch sphere to almost a point and then an expansion of it to its full size.
Although the entropy decreases in the intermediate stage in the above process, it can still be simulated classically. The variance σ(t) 2 defined in (22) is in this case
and the functions a(t, ω), b(t, ω) of Eqs. (24)- (25) are
(55) where Φ(t, ω) is the random phase defined in points 1-4 of Sec. III.
B. Pure dephasing
One can also use Hamiltonian (50) as an example of phase damping in the limit N → ∞. Suppose the bath is in thermal equilibrium at some nonzero temperature T and the spectral density function of the bath is ohmic:
, where J 0 is a dimensionless constant and Λ is a cut-off frequency. The evolution of the reduced density matrix can be described by Eq. (51) when one substitutes for Γ(t) the following expression [31] 
Here Γ(t) is an increasing function of time, which gives rise to the increase of the entropy of the system over time. There is no revival of coherence in this limit. The classical model is similar to the one in the previous subsection and is described by Eqs. (54)-(55) where Γ(t) is given by Eq. (56).
C. Amplitude damping
Finally, consider an amplitude damping channel [34] 
where the environment starts in the ground state and γ(t) is the probability of decay of the qubit from the excited state to its ground state. For real physical processes, γ(t) can be replaced by (1 − e −t/T1 ), where T 1 is the longitudinal relaxation time constant.
An amplitude damping channel is not a unital channel and a general classical simulation of it has not been achieved in the literature, to our knowl- In conclusion, we have constructed, for arbitrary quantum noises, a classical simulation of single-qubit models. We showed how entanglement between a qubit and an external bath can be modeled classically without using the bath. This was made possible by allowing the unitary operators in the classical model to depend on the initial state of the system and the bath.
We demonstrated that the reduced density matrices of quantum models that start from initial pure states have random unitary expansions. For the quantum models that start from mixed states (and even non-product states of the system and bath) we showed that the density matrices can be expressed as a random unitary expansion of some pure states.
The classical model was based on utilizing a differentiable random phase that has Gaussian distribution with time-varying variance. We gave the explicit expression for the stochastic magnetic field of the classical Hamiltonian. The field depends on the Hamiltonian of the quantum model, the time elapsed from the beginning of the evolution, and the initial state of the system and bath in the quantum model.
Simulation of quantum dissipation such as amplitude damping had not been achieved in preceding classical models, except for short times and high temperatures. Here, we offered exact results for a general simulation of such a process (amplitude damping), for arbitrary long times, as well as of quantum recurrence and pure dephasing.
Entanglement with an external environment plays an important role in quantum dissipation and decoherence of open quantum systems, beyond doubt. However, the result of this paper and its preceding counterparts show that, as far as the simulation is concerned, the distinction between quantum and classical noises may not be apparent in systems with low dimensionality.
